Abstract. In the article a new analytical approximate method for modeling multi-service switching networks with overflow links is proposed. The method can be used for blocking probability calculation in switching networks that are offered multi-service traffic generated by finite and infinite number of sources, i.e., in switching networks with multi-service Engset traffic, in switching networks with multiservice Erlang traffic, as well as in multi-service switching networks with Erlang and Engset traffic. The simulation study performed proves high accuracy of the method proposed and confirms the correctness and validity of all adopted theoretical assumptions.
Introduction
Parameters of modern telecommunications networks depend on the effectiveness of switching devices that constitute network nodes. These devices are usually digital telephone switching centres, switches and routers. The operation of switching devices is based on switching networks.
Switching networks, in turn, can be divided into blocking and non-blocking switching networks. In the case of blocking networks, part of traffic offered to the network is lost due to the occurrence of the phenomenon of internal blocking. Despite this limitation, however, solutions based on blocking networks are far more frequently used on account of low costs involved. A non-blocking network has to meet a number of well-defined conditions, which in turn translates into a far more large number of switches and stages that are required to construct the network. A situation ensues in which an increase in the effectiveness of the network is disproportional as far as costs needed for its construction are concerned.
There are methods that can effect a considerable decrease in the internal blocking in switching networks.
Such methods include, for example, the application of overflow links [2] , re-packing and re-arranging [16] . Solutions based on repacking and rearranging do not interfere with the physical structure of the switching network, but require though dedicated controlling algorithms to be applied. Control algorithms decide on the method a con- links have been applied [2, 15, 17, 28, 27] . This method was first examined and implemented for manufacturing as early as the 1970s and the 1980s in telephone switching system Pentaconta produced by LMT [2] . In Pentaconta switching networks, overflow links were applied to the first stage. Such a solution made it possible to decrease the internal blocking probability by several percent. A possibility of the introduction of overflow links was then also considered in digital switching networks [15, 17] . The Pentaconta switching system serviced single-service traffic. Today's network devices make use of switching networks that can service multi-service traffic. In order to examine the possibility of an application based on overflow links in multi-stage switching networks, a number of simulation experiments was carried out [28, 27] that confirmed the substantial increase in the effectiveness of the network due to an abrupt decrease in, and in some cases even a complete elimination of, the phenomenon of the internal blocking in the switching network.
The simulation studies on multi-service switching networks with overflow links have been subsequently followed by the analytical work [7] . In [7] , the first analytical method for blocking probability calculation in the multi-service switching networks with overflow links and Erlang traffic (Poisson distribution of call streams, infinite number of traffic sources) was proposed. Next, in [14] an analytical model of switching networks with overflow links and Engset traffic (binomial distribution of call streams, finite number of traffic sources) was considered.
However, in modern networks, the switching nodes usually service simultaneously the call streams generated according to Poisson and binomial distribution [10, 26, 8, 5, 29, 6 ]. In such cases, an application of the single Erlang or Engset model for all traffic classes is insufficient.
Consequently, in this article a new analytical model of the switching network with overflow links servicing a mixture of Erlang and Engset multi-service traffic streams is proposed. It is assumed, for the purposes of the model, that blocking phenomena in overflow links do not occur.
Such an assumption can be justified by the simulation experiments [28, 27] In the network under scrutiny a point-to-group selection was applied. In the case of the point-to-group selection, after the arrival of a call at a given input of the switch of the first stage, the controlling algorithm chooses a switch in the last stage that has a free link in the demanded direction. Then, the controlling algorithm tries to set up a connection between the selected switches. If the connection between these switches cannot be set up, the controlling algorithm tries to execute a connection with another switch of the last stage that has a free output in the desired direction. This procedure is repeated until the connection is executed or all switches that have outputs in the desired direction are tested. If, after checking up all the available switches, the connection still cannot be executed, the controlling algorithm rejects the call due to the internal blocking of the network. If all output links of a given direction are busy, the controlling algorithm rejects the call due to the external blocking of the network.
In a three-stage Clos network, overflow links can be introduced in a number of ways [28] . In the course of the study it was adopted that a system of overflow links would be introduced to the first stage in such a way that the over- 
Modeling links of switching networks
In the article it is assumed that interstage links can be modeled by the full-availability group and that the outgoing directions can be modeled by the limited-availability group.
Model of inter-stage links
The inter-stage links of the switching networks can be modeled by the full-availability group, i.e. by the model of a single resource (e.g., a single transmission link) with the complete sharing policy.
Let us consider the full-availability group with multirate traffic and with the capacity equal to f BBUs [11] . In the considered model, the full-availability group is offered M 1 Erlang traffic classes and M 2 Engset traffic classes.
A given class c requires t c BBUs to set up a new connection (In the present article, the letter "i" denotes an Erlang traffic class, the letter "j" -an Engset traffic class, and the letter "c" -an arbitrary traffic class). The service time for class c calls has an exponential distribution with the service rate µ c . In order to calculate the blocking probability in the full-availability group with Erlang and Engset traffic it is indispensable to calculate the occupancy distribution in the group, i.e., the probability of particular states of the group (a state of the group is defined by the number of busy BBUs). This distribution is determined on the basis of the modified in [4, 9, 13] Kaufman-Roberts recursion [18, 20] :
where:
• [P n ] f -occupancy distribution in a link with the capacity of f BBUs (probability of n BBUs being busy in the group with the capacity of f BBUs),
• A i -intensity of Erlang traffic of class i,
• A j (n) -intensity of Engset traffic of class j in the occupancy state n:
• N j -the total number of traffic sources of class j,
• α j -the average traffic generated by single free source of class j.
The parameter y j (n) in Formula (2) is the average number of serviced calls of class j in the occupancy state n.
This parameter can be determined on the basis of the occupancy distribution (1) as follows:
After determining the occupancy distribution [P n ] f , the blocking probability for calls of class c can be determined by the formula:
We can notice that in order to determine the distribution [P n ] f it is necessary to know the parameter y j (n),
i.e., the average number of calls of class j being serviced in state n. This parameter is, in turn, determined on the basis of the distribution [P n ] f . Therefore, to determine the distribution [P n ] f it was necessary to construct a recurrent algorithm [9, 13] that can be rewritten in the following way.
Algorithm 1. Calculation of the occupancy distribution
in the group with multi-service Erlang-Engset traffic.
1. Determination of the step of iteration: l = 0,
Determination of initial values of the parameters:
3. Determination of the value of offered Engset traffic of class j in state n, based on Formula (2): 
f on the basis of Formula (1):
6. Determination of the blocking probability for particular traffic classes on the basis of Formula (4):
7. Calculation of relative error of results for Engset traffic streams:
8. If step 7 is met, then the algorithm terminates its operation, otherwise the algorithm repeats its operation from step 3. The symbol φ denotes the assumed relative error of calculations and X (l) denotes the value of parameter X in step l.
Model of outgoing directions
In the article it is assumed that the outgoing directions can The service time for class c calls has an exponential distribution with the service rate µ c .
The occupancy distribution [P n ] V in the limitedavailability group to which a mixture of M 1 Erlang and M 2 Engset call streams is offered can be calculated as follows [4, 3] :
The parameter ς c (n) is the so-called conditional transition probability which, in the model of the limitedavailability group, is determined by the following formula:
The parameter F (x, k, f, t) in Formula (7) is the number of allocations of x free BBUs in k links, each with the capacity of f BBUs. The additional assumption is that t free BBUs are allocated to each link. The number of allocations F (x, k, f, t) can be determined on the basis of the following combinatorial formula:
The occupancy distribution [P n ] in the limitedavailability group with multi-service Erlang and Engset traffic can be determined on the basis of the iterative algorithm constructed similarly as Algorithm 1 for the fullavailability group. Probability P (c, s|x) in Formula (19) 72
is the conditional distribution of free links in the limitedavailability group determined on the assumption that x links in the group are free for class c calls:
3 Analytical modeling of switching networks
Basic assumptions
The models of the full-availability group and the limitedavailability make it possible to propose the analytical method for blocking probability calculation in multiservice switching networks with overflow links and with
Erlang and Engset traffic streams. The basis for the proposed method is the PGBMT method (Point-to-Group
Blocking for Multichannel Traffic) [25, 24, 3] , worked out for switching networks without overflow links. The idea of the proposed method consists in an introduction changes in internal blocking probability calculation, i.e., in the method of defining the probability graph that is used in the determination of the so-called effective availability.
Modeling switching networks without overflow links
In order to present the proposed method for a determination of the blocking probability in networks with overflow links, further on in the section some basic assumptions of the PGBMT method for a mixture of Erlang ang Engset traffic will be presented, and then the method for the determination of the parameters of the probability graph for the considered switching networks will be proposed. The PGBMT method makes it possible to determine analytically the blocking probability in a switching network that services multi-service traffic. The method is based on a reduction of the model of the multi-stage network to the model of a single-stage system -a non full-availability group. To determine the blocking probability in the network, the formulas that calculate blocking in the non fullavailability group for a given value of the effective availability parameter are used. This parameter is determined on the basis of the structure and the load of the switching network. The effective availability is thus defined as such availability in the network for which the blocking probability is equal to the blocking probability in the non full-availability group. At the same time, it is assumed that the parameters of the traffic stream are the same for both the switching network and the group.
To determine the effective availability, the PGBMT method first determines the so-called equivalent network for each class of calls. The equivalent network is a network with the same structure as a multi-service network in which the capacity of links is equal to single Basic Bandwidth Unit (BBU) [21] . It is assumed that the network services only one traffic class and that the load of each link of the network is equal to the blocking probability of a given call class in the real network. Then, on the basis of the equivalent network, the probability graph is constructed and the effective availability for a given traffic stream is determined. The effective availability for calls of class c can be determined on the basis of the following formula [25, 24] :
• 
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• π(c) -probability of direct non-availability [3, 24] of the switch of the last stage for calls of class c,
• k -the number of links in a given direction of the equivalent network,
• Y (c) -average fictitious traffic carried by the single switch of the switching network
• E(c) -the load of a single outgoing link of the switch of the equivalent switching networks, equal to the blocking probability for calls of class c in an outgoing link with capacity f ,
• η -a portion of the average fictitious traffic from the switch of the first stage which is carried by direction in question. If it is assumed that traffic is uniformly distributed between all directions then:
• σ z (c) -secondary availability coefficient which determines this part of switches in the last stage (stage z) of the equivalent network that is secondarily available for calls of class c. The notion of "secondary availability" is defined in [3, 24] and for 3-stage switching network can be calculated in the following way:
The probability of direct non-availability π(c) results from the analysis of the probability graph. For the exemplary 3-stage Clos network presented in Fig. 2a , the parameter can be determined in the following way [24] :
Parameter E(c) is the load of the equivalent network, equal to the blocking probability for calls of class c in According to the PGBMT method, the total blocking probability E tot for class c calls in the switching network can be determined as follows:
where the internal E in (c) and external E ex (c) blocking probability in the switching network for class c calls can be determined by the following formulas:
where k is the number of output links in a given direction.
Distribution P (c, s) in Formula (17) and (18) is the distribution of free links in the limited-availability group [23] . This group is a model of separated links that approximates output links of the switching network in a given direction. Distribution P (c, s) determines the probability of an event in which s output links in a given direction (from among k all links of the direction) can service a call of class c:
where V is the capacity of the limited-availability group.
3.3 Modeling switching networks with overflow links and thus the graph presented in Fig. 2b can be transformed into the form presented in Fig. 2c . Therefore, on the basis of the graph shown in Fig. 2c , the probability of unavailability of a given switch of the third stage π(c) can be determined by the following formula:
The secondary availability coefficient for the switching network with overflow links described by the graph presented in Fig. 2c can be determined on the basis of considerations given in [13] by the following formula:
The effective availability can be calculated using Formula (11) on the basis of values of the parameters π(c) and σ 3 (c) defined, in turn, by Formulas (20) and (21). By having the effective availability parameter for calls of individual traffic classes, we are in position to determine the internal blocking probability (Formula (17)) and external blocking probability (Formula (18)) in a switching network with overflow links that services a mixture of Erlang and Engset multi-service traffic streams.
Numerical results
In order to verify the accuracy of the proposed method In the next three experiments it was assumed that the considered switching network was offered multi-service traffic that was composed of (1) four Erlang traffic classes, (2) four Engset traffic classes and (3) both two Erlang and two Engset traffic classes. Figure 4 shows the results of total blocking probability calculation and simulation in the switching networks to which a mixture of four Erlang traffic classes with following demands: t 1 = 1, t 2 = 2, t 3 = 6, t 4 = 9 was offered. The traffic was offered in the following propor- In the further part of our research we have studied the influence of the overflow links on the value of internal blocking probability in the switching networks with Erlang, Engset and with both Erlang and Engset traffic streams. Figure 7 shows the percentage decrease in the value of the internal blocking probability due to the introduction of overflow links. The network is offered multi-service traffic that is composed of four Erlang traffic classes with the following requirements: t 1 = 1, t 2 = 2, t 3 = 6, t 4 = 9 BBUs. Figure 8 also shows percentage decrease in the value of the internal blocking probability for a mixture of four Engset traffic classes with demands t 1 = 1, t 2 = 2, t 3 = 5, t 4 = 10 BBUs, respectively.
This traffic was generated by N 1 = 1500, N 2 = 1000, N 3 = 900, N 4 = 500 traffic sources. The case when a mixture of Erlang (t 1 = 1, t 2 = 2) and Engset (t 3 = 6, t 4 = 9) traffic streams were simultaneously offered to the switching network is present in Figure 9 . Each Engset traffic class was generated by 500 sources. In each of the experiments it is observable that a significant decrease in the internal blocking follows the introduction of overflow links. 
